A serious problem in emergency medicine is the correct evaluation of skin burn depth in order to make the appropriate choice of treatment. In clinical practice there is no difficulty in classifying first and third degree burns correctly. However, differentiation between the IIa (superficial dermal) and IIb (deep dermal) wounds is problematic even for experienced practitioners. In this work the use of surface skin temperature for the determination of the depth of second-degree burns is explored. An analytical solution of the three-dimensional Pennes steady-state equation is obtained assuming a small burn-depth-to-extension ratio. The inverse problem is posed in a search space consisting of geometrical parameters associated with the burned region. This space is searched to minimize the error between the analytical and experimental skin surface temperatures. The technique is greatly improved by using local one-dimensionality to provide the shape of the burned region. The feasibility of using this technique and thermography to determine skin burn depth is analyzed.
Temperature is commonly used as an indication and as a means of monitoring the progression of sickness [1] . The temperature distribution of skin has already been used for diagnosis [2, 3] , for follow-up treatments [4] , and for the study of the physiological functions of healthy individuals [5] . In recent years the sensitivity of infrared sensors has improved considerably and is now close to 0.025
• C, so that it is now possible to measure small changes in surface temperature [6] . The development of focal plane technologies has enabled the acquisition of high-quality images for computational processing. The emissivity of human skin has an almost constant value of 0.97 ± 0.02 between wavelengths of 2 µm and 14 µm [7] , behaving almost as a black body, and making it an ideal material for surface temperature measurements with an infrared camera [8, 9] .
One outstanding problem in burn therapy is the correct evaluation of skin burn depth for the appropriate choice of treatment [10] . Current approach assumes that shallower burn wounds, which heal spontaneously within three weeks of the trauma, should be treated conservatively, while deeper wounds, which fail to heal during this period, need surgical intervention. However, the clinical assessment of burn-wound depth is mainly based on visual inspection. The traditional approach distinguishes the following grades of burn wound:
I (superficial), IIa (superficial dermal), IIb (deep dermal), and III (full thickness of the skin). In clinical practice, even an inexperienced physician has no difficulty in classifying first and third degree burns correctly. However, differentiation between the IIa and IIb wounds is problematic even for the most experienced practitioners [11, 12] . One of the objectives of the present research is to develop an inverse heat transfer algorithm that will take an infrared thermogram of a burned area and determine burn depth by obtaining the temperature difference between the burned skin and the unaffected reference area [13] . In previous investigations related to the treatment of burns, good correlation has been shown between the difference in temperatures between burned and healthy skin and the depth of the burn. Zhu and Xin [14] determined that the correlation was better if the temperature difference was between a burned area and another symmetrical area of the body; however, this measurement may not always be possible.
Although visual evaluation is the most commonly used clinical method of determination of the depth of burns, the difference in depth that relates to whether or not a burn will heal within three weeks may be very small. Several studies have found that visual evaluation has an accuracy of 50 to 70% when the diagnosis is performed by a well-experienced surgeon [10] .
It would thus be very helpful to develop precise, non-invasive diagnostic tools for evaluation of the depth of burns. Thermography presents such an opportunity; it enables the surface temperature field to be determined from which some of the characteristics of the burned tissue can be inferred.
In this work the authors use a bioheat transfer model for skin with known material properties in order to develop a procedure to determine burn depth from burned skin thermographs.
The mathematical model for bioheat transfer in the skin is solved after simplification of the original equation. This formulation is used as the basis for calculation of burn depth by determining the geometrical parameters of a given burn shape that minimize the error between the analytical and experimental skin surface temperatures.
Governing equations

Mathematical model
The mathematical model for bioheat transfer developed here is based on the Pennes equation [15] . This was derived for the situation where blood vessels cross a region. Some of the assumptions of the model are that the material is homogeneous and has isotropic thermal properties, the blood vessels are isotropic, and that the blood flow enters at arterial temperature but reaches the tissue temperature before leaving the arterial system. This model represents heat transfer in living tissue, and considers metabolic heat generation and convective heat transfer due to the circulation of blood. It is important to mention that there are alternative models for bioheat transfer [16, 17] , such as the continuum model of Chen and
Holmes [18] , that of Weinbaum et al. [19] which considers the existence of large and small blood vessels, and other models that look at the tissue as a porous media [20] . Procedures similar to the one described here can be adopted for these other models.
The steady-state Pennes equation for healthy tissue is
where T (x, y, z) is the tissue temperature, k is the tissue thermal conductivity, W b is the blood perfusion rate, C b is the blood specific heat, T a is the arterial temperature, and Q m is the tissue metabolic heat generation rate. x and y are the coordinates parallel to the surface of the skin, and z is positive measured into the skin. For burned tissue, blood perfusion and metabolic heat generation cease to operate because the tissue is dead.
Problem description
Consider a region formed of two layers as shown in Fig. 1 . Layer 1 is a shallow, superficial burned region. Layer 2 is a deep substrate that is formed by healthy tissue. The burn has an arbitrary shape; its depth is H = H(x, y) and it has a surface delimited by G. The governing equations for each region can be written as
where subscripts 1 and 2 are used for the respective regions. The boundary conditions are
and with zero heat flux at all other boundaries. Here T ∞ is the ambient temperature and h is the convective heat transfer coefficient between the surface of the skin and the surrounding air.
Nondimensionalization
We can scale the coordinates parallel and normal to the surface using the characteristic size, R c , and the characteristic depth, H c , of the burned region, respectively. Thus the nondimensional variables are
The characteristic size, R c , is a measurable distance and is related to the size of the thermographed burn. The maximum burn depth is a suitable choice for the characteristic depth,
The governing equations and boundary conditions become
with zero normal temperature derivatives at all other boundaries. φ(ξ, η) defines the nondimensional shape of the burned region, and the nondimensional parameters are
where is the aspect ratio, κ is the thermal conductivity ratio, and Bi is the Biot number. Table 1 shows the typical thermal properties of homogeneous tissue [21] , and Bi = 0.15625.
Parameter values
Temperature field for small burn depth approximation
Since is a small parameter, the first two terms in Eq. (9) can be neglected to give
This essentially means that, due to the shallow nature of the burn, conduction of heat in the burned region in a direction parallel to the surface of the skin is negligible compared to that normal to it. This gives a linear temperature profile in the ζ-direction in the burned region
Substituting the derivative of this in Eq. (11) and solving for the surface temperature gives
Because of Eqs. (13), (18) and (19), Eq. (12) can be written as
Thus, the burned layer, having no perfusion or metabolic heat generation, simply offers a conductive thermal resistance to the flow of heat from the substrate to the surface of the skin.
There is another thermal resistance due to convection from the surface to the surroundings.
Eq. (20) combines these two to provide a boundary condition for the healthy substrate.
Since we have assumed that the burned region is thin compared to its size, we can apply the condition at ζ = 0 instead of at ζ = φ. This simplification is equivalent to saying that the burn layer is so thin and smooth that the curved boundary between burn and healthy tissue can be approximated as a plane.
The temperature field in the healthy tissue layer can be determined from Eq. (10)
with Eqs. (14) and (20) as boundary conditions and zero normal derivatives at all other boundaries. There is no approximation possible in the healthy skin (as was done for the burned skin) since the coordinates parallel to and normal to the skin extend to infinity. In some regions of the domain the term ∂ 2 θ 2 /∂ζ 2 could be of the same order of magnitude as the others; the terms that appear to be of O( ) are necessary to satisfy Eq. (14) . In any case, there is no need to remove any of the terms of Eq. (10) to get a solution.
A particular solution is
The homogeneous part of the solution is obtained from
with
where θ h 2 is finite as ζ → ∞, and the heat flux is zero at all other boundaries. This can be solved by separation of variables to give
The constant A pq can be obtained from
The complete solution is then
4 One-dimensional approximation
One-dimensional approximations are commonly made for the Pennes equation [22, 23] . Strictly speaking, they are only valid where the burn is of constant thickness so that the temperature is not a function of x or y. In this section we determine the temperature field using the one-dimensional approximation for use later for burn depth determination.
Under this approximation, Eqs. (9) and (10) can be written as
The boundary conditions are
The solution to these equations is
From Eq. (34) it is possible to evaluate the temperature at the surface at ζ = 0 of a layer of thickness H = H c for which φ = 1 everywhere, to get
using the definition of Bi given in Eq. (16), substituting it into Eq. (36) and solving for H c ,
we get
or
The last expression is very useful, since it provides a one-dimensional approximation of the thickness of a burn given the dimensionless surface temperature.
5 Direct problem for given burn shape
Variable thickness burn
Given the shape of the burn H = H(x, y), the determination of the surface temperature field y) is the direct problem. We will generate a surface temperature field from Eq.
(27) and from the following ancillary equation
which states that the heat that crosses the burned tissue by conduction must be equal to the heat that leaves the burned surface by convection. The relation between the dimensionless and dimensional forms of the temperature is given by Eq. (8) as
The determination of θ 2 from Eq. We assume a Gaussian-shaped burn • C, approaching that of the surface of healthy, unburned tissue. Even though the temperature at x = z = 0 is a maximum, because of the high thermal resistance due to the burn thickness, the surface temperature directly above is a minimum.
Constant burn thickness
It is important to know whether a simpler analysis based on one-dimensional heat transfer is sufficiently accurate. By simplifying the problem as described in Section 4, it is possible to obtain approximate results for temperatures inside the tissue. Strictly speaking, these results are only exact when the burn is of constant thickness. interface between healthy and burned tissue grows as the burn thickness is increased, and the burned surface temperature decreases as the burn thickness is increased, a behavior that is similar to that described for Fig. 3 . Fig. 5 shows the variation of the burned surface temperature as a function of the burn thickness. For the tissue properties, ambient temperature and convective heat transfer coefficient detailed in Table 1 , the surface temperature approaches a value of 29.47
• C as the thickness approaches zero; as the burn thickness is increased the surface temperature decreases.
Inverse problem for given surface temperature field
The determination of the shape of a burn H = H(x, y) from an experimental surface temperature field T E s (x, y) requires the solution of an inverse heat transfer problem. In practice the surface temperature will be provided by a thermograph, but in this analysis we will use the surface temperature field produced by the reference Gaussian shape described in Section 5.1 as if it were the experimental measurement.
Procedure for burn shape determination
The procedure that follows consists of proposing a burn shape with some parameters to be determined. Since this shape is not a priori known, the result of the calculations is somewhat dependent upon the choice of that function. However, it must be remembered that, for the purpose for which it is being proposed, extreme precision is not needed. In this section, different shapes of burn are proposed, and the resulting H = H(x, y) is analyzed.
For example, one can propose a shape H = H(x, y; , a) which is a function which depends parametrically on two magnitudes, and a, to be determined by minimization of the squares of the error produced. The constraints on the function are that its first derivative with respect to x and y approaches zero at x = y = 0, x = R c or y = R c , so that the boundary conditions The first check will be with a function of the correct shape
with unknown parameters and a. does not appear explicitly in Eq. (43) but H c relates to
R c . For each value of and a we will calculate the cumulative error, D. Fig.   6 shows the D vs. and a. It is observed that there is only one minimum in the range of parameters tested, and that, as expected, the minimum coincides with the values that were used to produce the surface temperature information.
Thermographs, however, have a finite resolution in the temperature measurements, usually of the order of 0.1
• C that may produce errors in the results. The effect of finite round-off must be studied. Table 2 
is proposed, which will also produce an axisymmetric burn. R c is assumed to be known, and the shape and depth of a burn depends on two parameters: the aspect ratio , remembering
R c , and the spread of the burn determined by parameter a. .
Comparison between proposed shapes
We now compare the values of the depths determined by assuming different shapes. Fig.   9 shows the comparison of the shape of the burn determined by the inverse procedure for the three different functions proposed. Of course, the best results are obtained with the Gaussian since the surface temperature field was generated with that burn shape. The inverse quadratic, however, overpredicts the maximum thickness of the burn by only 25.69%. This may be acceptable for burn thickness measurements since the goal is to distinguish between IIa and IIb burns, and is much better than visual inspection. The constant burn thickness function underpredicts the maximum burn depth by 92.5% and is of little use.
7 Inverse problem using one-dimensional approximations
The optimization procedure described above depends upon the shape of the burn that is proposed, which of course is impossible to know beforehand. Here we will describe another approach that may help circumvent this inconvenience.
Locally one-dimensional analysis
Though the one-dimensional solution to the governing equations, Eq. (38), is only valid when a burn has a constant thickness, as an approximation we can use it to relate the local burn thickness at any location (x, y) to the burn depth at that point H(x, y) = H 1D (x, y).
Once again we generate surface temperatures, T E s (x, y), using the direct procedure on Eq. (41). Fig. 10 shows the results. The dotted line corresponds to the Gaussian profile, Eq.
(41), with = 0.01 and b = 0.1, while the solid line corresponds to the burn thickness that is determined by inverse calculation from Eq. (38). The locally one-dimensional procedure overpredicts the thickness by 15.6% and also produces an unphysical negative burn thickness at the periphery. This is because this model does not take into account the heat flow in the x and y directions, and thus the heat flow does not avoid the zones of high thermal resistance near the center. As a consequence it overpredicts the heat flow near x = y = 0 and also overpredicts the burn thickness there. The opposite happens in the zones of small thermal resistance, where the model underpredicts both the heat flow and burn thickness.
The error produced by this locally one-dimensional procedure is less than that of the more elaborate three-dimensional method using the inverse quadratic function. The unphysical negative burn depth is not a significant problem since the maximum burn depth is usually what determines the diagnosis.
Using locally one-dimensional in a three-dimensional analysis
Though the locally one-dimensional approach is useful, it can be improved greatly by using its results to provide a shape that the more accurate procedure of Section 6.1 can build upon.
For instance, we can propose a function of the following form
where H 1D is determined by the locally one-dimensional procedure, and the parameters c . Fig. 11 compares the shape of the burn determined by this procedure and the Gaussian shape, Eq. (41), with which the surface temperature T E s (x, y) was produced. We can see that this procedure is able to accurately reproduce both qualitatively and quantitatively the original Gaussian shape, with an overprediction of the maximum thickness of the burn of only 2.41%.
Conclusions
The objective of this work has been to come up with an analysis that will allow use of data from thermographs to determine the depth of burned skin. The advantage of analytical solutions versus numerical lie in the speed with with the results can be obtained. The present work assumes known properties of both burned and healthy tissues: the thermal conductivity is assumed known for both, and the arterial temperature and metabolic heat rate for the latter. The analysis is based on a simplification due to small burn depth. This enables the steady-state temperature field to be calculated analytically. Assuming a specific form of the shape of the burned region, the characteristic depth can then be obtained from the surface temperature distribution. The error in the calculated depth depends upon the proposed shape, which is not known a priori. An inverse quadratic shape gives an overprediction of 25.69%.
A locally one-dimensional approximation is shown to provide a good approximation to the burn shape. By itself it gives an error of around 15.6% in the estimation of the depth.
However, if it is used to provide a shape, then a further three-dimensional analysis reduces the error of the maximum burn depth to just 2.41%.
In this work we have assumed that the material and heat transfer properties were known.
Future work will extend the procedures developed here to situations in which these properties are also to be determined. It is hoped that additional information available through timedependent video thermographs can be used for this purpose. Radial distance from center of burn, ( x 2 + y 2 ) 1/2 (m)
Depth of burn, H (m) Figure 11 : Determination of burn profile using optimized one-dimensional solution shape; −− reference Gaussian burn, -predicted profile.
